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Abstract
Let G and T be topological groups, α : T → Aut(G) a homomorphism defining a con-
tinuous action of T on G and G♯ := G ⋊α T the corresponding semidirect product group.
In this paper we address several issues concerning irreducible continuous unitary represen-
tations (pi♯,H) of G♯ whose restriction to G remains irreducible. First we prove that, for
T = R, this is the case for any irreducible positive energy representation of G♯, i.e., for
which the one-parameter group Ut := pi
♯(1, t) has non-negative spectrum. The passage
from irreducible unitary representations of G to representations of G♯ requires that certain
projective unitary representations are continuous. To facilitate this verification, we derive
various effective criteria for the continuity of projective unitary representations. Based on
results on Borchers for W ∗-dynamical systems, we also derive a characterization of the con-
tinuous positive definite functions on G that extend to a G♯.
Keywords: positive energy representation, Borchers–Arveson Theorem, projective unitary
representation, projective space
MSC2010: 22E45, 22E66. 22D10, 43A65
Introduction
Let G and T be topological groups and α : T → Aut(G) be a homomorphism defining a contin-
uous action of T on G. Then the semidirect product G♯ := G⋊α T is also a topological group.
In this note we take a closer look at irreducible continuous unitary representations of G♯ whose
restriction to G remains irreducible. This is motivated by the concrete class of examples where
G is a Banach–Lie group, such as the group of H1-maps S1 → K, where K is a Lie group, and
α : R→ Aut(G) correspond to rotations of the circle. Then G♯ is not a Lie group, but it still is
a topological group (cf. [Ne12]).
For T = R, a particularly interesting class of representations (π♯,H) of G♯ are those for which
the infinitesimal generator of the one-parameter group Ut := π
♯(1, t) has non-negative spectrum;
the so-called positive energy representations. Our first main result (Theorem 1.2) asserts that
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every irreducible positive energy representation of G♯ remains irreducible when restricted to
G. This is quite remarkable because for non-trivial actions, there are many situations where
irreducible representations of G♯ are not irreducible when restricted to G. The simplest example
are the irreducible representations of the orientation preserving affine group of R, which is of
the form G♯ = R ⋊α R for αt(x) = e
tx. We derive Theorem 1.2 as a consequence of the
Borchers–Arveson Theorem on covariant representations of von Neumann algebras (cf. [BR02,
Thm. 3.2.46]).
In the light of Theorem 1.2 it becomes a natural question which irreducible unitary repre-
sentations of G extend to a positive energy representation of G♯ = G ⋊α R. This appears to
be a difficult problem, and already for the rather concrete class of loop groups the answers be-
comes rather involved because it turns out that, for G = C∞(T,K) and (αzf)(w) := f(zw) (the
rotation action), smooth positive every representations of G♯ are trivial in the sense that they
factor through representations of products A×R, where A is an abelian quotient of K. This is
shown in Section 2, where we also derive a similar result for groups of the form G = C∞(R,K)
and (αtf)(s) = f(s + t). It is well-known from the classical theory of loop groups that the
problem of the triviality of positive energy representations of C∞(T,K)⋊T can be resolved by
passing from the loop group C∞(T,K) to a suitable central extension G˜ for which G˜ ⋊ T has
plenty of positive energy representations ([PS86], [Ne12]). One obtains a similar picture for the
case where G is abelian, where one has to pass to Heisenberg groups to obtain positive energy
representations (see [NZ11] and [Ze12] for details).
Given an irreducible unitary representation (π,H) of G, then a necessary condition for the
existence of an extension to G♯ = G ⋊α T is that, for every t ∈ T , the representation π ◦ αt
is equivalent to π. Then there exists, up to a phase factor in T uniquely determined, unitary
operators (Ut)t∈T with
Utπ(g)U
∗
t = π(αt(g)) for t ∈ T, g ∈ G, (1)
and the question is whether these operators can be chosen in such a way that U : T → U(H)
is a continuous group homomorphism. For any group homomorphism χ : T → T, the operators
U˜t := Utχ(t) also satisfy the relation (1) and since groups such as T = R have many discontin-
uous homomorphisms χ : T → T, one cannot hope for an arbitrarily chosen family (Ut) to be
continuous. However, what is uniquely determined by π is the corresponding projective repre-
sentation U : T → PU(H), so that the main issue is whether this homomorphism is continuous
or not.
To facilitate the verification of the continuity of a projective unitary representation of a
topological group, we provide in Section 4 some useful criterion (Theorem 4.15). It asserts that,
for a connected topological group G and a projective unitary representation π : G → PU(H)
continuity already follows from the existence of a cyclic ray [v] = Cv in the projective space
P(H) of H whose orbit map G→ P(H), g 7→ π(g)[v] is continuous. In particular, for irreducible
representations, it suffices that one ray has a continuous orbit map. The main point of this
criterion is that it is easier to check continuity for one vector than for all of them. This result
has an analog for unitary representations π : G → U(H) whose proof is much easier, namely
that a unitary representation generated by a vector with continuous orbit map is continuous.
What makes the projective version more difficult is the lack of “addition” on projective space.
We overcome this problem by using the midpoint operation for the natural Riemannian metric
on P(H) as a replacement. Our Theorem 4.15 refines the criterion by Rieffel ([Ri79]) that a
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projective unitary representation is continuous if and only if all its orbit maps in P(H) are
continuous.
Since the continuity of a projective unitary representation is characterized in terms of conti-
nuity of orbit maps in P(H), it is also important to have effective tools to verify such continuity
properties. In Section 3 we provide such a tool by giving sufficient conditions for a subset
E ⊆ H such that the topology on the projective space P(H) is initial with respect to the
functions hv([w]) := |〈v, w〉|, w ∈ E. In particular, it suffices that the corresponding functions
ℓv(A) := 〈Av, v〉 separate the points on the space of hermitian trace class operators. For any such
set the continuity of an orbit map of a ray [w] ∈ P(H) for a projective unitary representation can
now be verified in terms of the continuity of the scalar-valued functions G→ R, g 7→ hv(π(g)[w]).
The homomorphism α : T → Aut(G) is a group theoretic variant of the structure of a C∗-
dynamical system, where α : T → Aut(A) is a homomorphism into the group of automorphisms
of a C∗-algebra A. For covariant representations (π, U) of a C∗-algebra A with respect to α,
Borchers gives in [Bo83] a characterization of those states in A∗ (the topological dual of A)
occurring for covariant representations (for which U is continuous) as those transforming con-
tinuously under the natural T -action on the Banach space A∗. For covariant representations
satisfying the spectral condition, i.e., the one-parameter group (Ut)t∈R has non-negative spec-
trum, extra conditions on the states have to be imposed (cf. [Bo96, Sect. II.5]). In Section 5 we
explain how Borchers result can be applied to the problem to extend continuous representations
of G to continuous representations of G♯ = G ⋊α T . For the special case of pure states, this
follows easily from our continuity criteria for projective representations.
For representations on separable Hilbert spaces and separable topological groups which are
completely metrizable, so-called polish groups, one can also derive the continuity of projective
unitary representations from rather weak measurability requirements. This has been shown by
Cattaneo in [Ca76] based on the results that, for a separable Hilbert space H, its projective
space P(H) is a polish space ([Ca76, Prop. 4]) and PU(H) is a polish group ([Ca76, Prop. 5]).
Notation: H denotes a complex Hilbert space, B(H) the C∗-algebra of bounded operators
on H and U(H) its unitary group. The strong topology on U(H) is the coarsest topology for
which all functions fv(U) := 〈Uv, v〉, v ∈ H, are continuous. It defines on U(H) a group topology
and we write U(H)s for this topological group. The center T1 = Z(U(H)) is a closed subgroup,
so that we also obtain the structure of a (Hausdorff topological group) on the projective unitary
group PU(H) = U(H)s/T1.
The space of trace class operators on H is denoted B1(H), and we write Herm1(H) for the
subspace of hermitian trace class operators. For v, w ∈ H we write Pv,w(x) := 〈x,w〉v and
Pv := Pv,v for the corresponding rank-one operators on H.
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1 Irreducible positive energy representations
Let G and T be topological groups and α : T → Aut(G), t 7→ αt, be a homomorphism defining
a continuous T -action on G. We write G♯ := G⋊α T for the corresponding semidirect product.
Definition 1.1. We call a pair (π, U) of a continuous unitary representation (π,H) of G and a
continuous unitary representation (U,H) of T covariant if
Utπ(g)U
∗
t = π(αtg) for g ∈ G, t ∈ T.
This is equivalent to π♯(g, t) := π(g)Ut to define a continuous unitary representation of the
semidirect productG♯. For T = R, a covariant representation (π, U) is said to be a positive energy
representation1 if the the infinitesimal generator A = −i d
dt
|t=0Ut of the unitary one-parameter
group (Ut)t∈R has non-negative spectrum. We then also say that the unitary one-parameter
group (Ut)t∈R has non-negative spectrum.
The following theorem is a central result on covariant representations of operator algebras.
Theorem 1.2. (Borchers–Arveson Theorem; [BR02, Thm. 3.2.46]) Let (αt)t∈R be a σ-weakly
continuous one-parameter group of automorphisms of a von Neumann algebra M⊆ B(H), i.e.,
for each β ∈ M∗ (the predual of M) and M ∈ M, the function t 7→ β(αtM) is continuous.
Then the following are equivalent:
(i) There exists a strongly continuous unitary one-parameter group (Ut)t∈R in U(H) with non-
negative spectrum such that
αt(M) = UtMU
∗
t for t ∈ R,M ∈ M.
(ii) There exists a strongly continuous unitary one-parameter group (Ut)t∈R in U(M) with non-
negative spectrum such that
αt(M) = UtMU
∗
t for t ∈ R,M ∈ M.
Remark 1.3. If (Ut)t∈R is a strongly continuous unitary one-parameter group, A ∈ B1(H) ∼=
B(H)∗ is a trace class operator and B ∈ B(H), then the function
t 7→ tr(AUtBU∗t ) = tr(U∗t AUtB)
is continuous because the action of R on B1(H) defined by (t, A) 7→ UtAU∗t is strongly con-
tinuous. Therefore αt(B) := UtBU
∗
t defines a σ-weakly continuous one-parameter group of
automorphisms of B(H), and hence on every von Neumann algebraM⊆ B(H) which is invari-
ant under conjugation with the operators Ut. Therefore the σ-weak continuity of α is necessary
for the conclusion of the Borchers–Arveson Theorem to hold.
1In the context of covariant representations of operator algebras this condition is simply called the spectral
condition or the spectrum condition.
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Corollary 1.4. If (Ut)t∈R is a strongly continuous one-parameter group in U(H) with non-
negative spectrum andM⊆ B(H) be a von-Neumann algebra invariant under the automorphisms
αt(M) := UtMU
∗
t of B(H), then there exists a strongly continuous unitary one-parameter group
(Vt)t∈R ofM with non-negative spectrum and a strongly continuous unitary one-parameter group
(Wt)t∈R in the commutant M′ such that
Ut = VtWt for t ∈ R.
Proof. From Theorem 1.2 we derive the existence of (Vt) in U(M) satisfying
UtMU
∗
t = αt(M) = VtMV
∗
t for M ∈M, t ∈ R.
Applying this relation to Vs ∈ M, we see that UtVs = VsUt holds for s, t ∈ R. Therefore
Wt := V
∗
t Ut ∈ U(M′) defines a one-parameter group.
Theorem 1.5. (Irreducibility Theorem) If (π♯,H) is an irreducible positive energy representa-
tion of G♯ = G⋊α R, then its restriction π := π
♯|G is also irreducible.
Proof. Let M := π(G)′′ be the von Neumann algebra generated by π(G). Since G E G♯ is
normal, M is invariant under conjugation with the unitary one-parameter group Ut := π♯(1, t),
so that Corollary 1.4 provides a factorization Ut = VtWt with strongly continuous one-parameter
groups (Vt) in M and (Wt) in M′ = π(G)′. It follows in particular that Ut ∈M ·Wt, so that
π♯(G♯)′ = π(G)′ ∩ U ′
R
=M′ ∩ U ′
R
⊇WR.
If π♯ is irreducible, Wt ∈ π♯(G♯)′ = C1 for t ∈ R. This implies that Ut = VtMt ∈ M,
which finally leads to M = π♯(G♯)′′ = B(H), i.e., π(G)′ = M′ = C1, which means that π is
irreducible.
Remark 1.6. If (π,H) is an irreducible representation of G which has some extension π♯ to
G♯ = G⋊αR, then Schur’s Lemma implies that this extension is unique up to a unitary character
of R. For each µ ∈ R, we obtain a modified unitary representation
π♯µ(g, t) = e
itµπ♯(g, t).
The set of all those µ ∈ R for which π♯µ is a positive energy representation is an interval which is ei-
ther empty or of the form [µ0,∞[ for some µ0 ∈ R. In the latter case µ0 = − inf Spec(−idπ♯(0, 1))
leads to a representation for which inf Spec(−idπ♯µ0(0, 1)) = 0. We call this the minimal positive
energy extension of π.
Since the group G♯ has richer structure than G itself, the crucial advantage of Theorem 1.5
is that it permits us to study certain irreducible representations of G as representations of G♯
(cf. [Ne12], [PS86]).
2 Some Lie group examples
In this section G denotes a Lie group modeled on a locally convex space (see [Ne06] for more
details). If G is a Lie group and the action α of R on G is smooth, the group G♯ also is a Lie
group, so that it makes sense to consider unitary representations (π♯,H) of G♯ which are smooth
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in the sense that the subspaceH∞ of smooth vectors is dense inH. The following lemma, applied
with y = (0, 1) ∈ g♯ = g⋊R, the Lie algebra of G♯, shows that, in some situations the positive
energy condition leads to serious restrictions on the corresponding smooth representation (π,H).
Lemma 2.1. ([Ne12, Lemma 5.12]) Let (π,H) be a smooth representation of a Lie group G with
exponential function exp: g → G and x, y ∈ g with [x, [x, y]] = 0. If −idπ(y) is bounded from
below, then dπ([x, y]) = 0.
With the preceding lemma one can show in particular that:
Theorem 2.2. Let G be a connected Lie group with Lie algebra g = C∞(T, k), T = R/Z and K
a connected Lie group with Lie algebra k. Writing [t] := t + Z for elements of T we obtain an
action of T on G by
(α[t]f)([s]) = f([s− t]).
Then all smooth positive energy representation of G♯ = G ⋊α R factor through representations
of an abelian quotient group of K and annihilate the commutator group of G. Conversely, all
such representations are positive energy representations for trivial reasons.
Proof. (a) First we consider the case G = C∞(T,R). Applying Lemma 2.1 with y = (0, 1) and
x ∈ g, it follows that x′ = [y, x] ∈ ker(dπ), so that{
ξ ∈ g = C∞(T,R) :
∫
T
ξ(t) dt = 0
}
⊆ ker(dπ).
(b) For a general Lie group K, we obtain for each x ∈ k a smooth homomorphism
Γx : C
∞(T,R)→ C∞(T,K), Γx(f)(t) := exp(f(t)x).
As C∞(T,R)⊗ k is dense in g, we obtain from (a) the relation{
ξ ∈ g = C∞(T, k) :
∫
T
ξ(t) dt = 0
}
⊆ ker(dπ).
For T = R/2πZ, ξ1(t) = cos t ·x, ξ2(t) = sin t ·x, ξ3(t) = cos t · y and ξ4(t) = sin t · y, the relation
[ξ1, ξ3] + [ξ2, ξ4] = [x, y]
now shows that [k, k] ⊆ ker(dπ), which leads to{
ξ ∈ g = C∞(T, k) :
∫
T
ξ(t) dt ∈ [k, k]
}
⊆ ker(dπ).
Therefore the derived representation of g actually factors through a representation of the abelian
quotient algebra k/[k, k] ∼= g/[g, g].
For the following theorem we recall that a Lie group K is called regular if, for each smooth
map ξ : [0, 1]→ k, the Lie algebra ofK, there exists a smooth curve γξ : [0, 1]→ K with γξ(0) = 1
and γ′ξ(t) = γξ(t) · ξ′(t) (here · refers to the canonical action K × TK → TK) and the map
evol: C∞([0, 1], k)→ G, ξ 7→ γξ(1) is smooth. For any regular Lie group K, the parametrization
of smooth curves γ : R → K by their logarithmic derivatives ξ : R → k leads to a natural Lie
group structure on the group G := C∞(R,K), endowed with the pointwise multiplication (see
[NW08] for details).
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Theorem 2.3. Let K be a connected regular Lie group with Lie algebra k and G := C∞(R,K).
Then (αtf)(s) = f(s − t) defines a smooth action of R on G. Then all smooth positive energy
representation of G♯ = G⋊α R are trivial on G.
Proof. The infinitesimal generator of the derived action of R on g is Df := d
dt
|t=0 L(αt)f = −f ′.
For y = (0, 1) and f(R) ⊆ Rx for some x ∈ k, we derive from Lemma 2.1 that dπ(f) = 0 for every
positive energy representation of G♯. Therefore C∞(R)⊗ k ⊆ ker dπ, and since this subspace of
g is dense, we obtain dπ(g) = 0.
3 Generating the topology on projective space
In this section we discuss the topology of the projective space P(H). Our main goal is a criterion
for a subset E ⊆ H such that the topology on P(H) is initial with respect to the functions
hv([w]) := |〈v, w〉|, v ∈ E. It suffices that the corresponding functions ℓv(A) := 〈Av, v〉 separate
the points on the space of hermitian trace class operators. Here we use the topological embedding
P(H) →֒ Herm1(H), [w] 7→ Pw of P(H) in terms of rank-one projections into the space C of
positive trace class operators A with tr(A) ≤ 1. It is crucial to our argument that, if H is infinite-
dimensional, then C can be considered as a compactification of P(H), so that compactness
arguments can be used.
Definition 3.1. Let H be a complex Hilbert space, endow its unit sphere S(H) := {v ∈
H : ‖v‖ = 1} with the subspace topology inherited from H and the projective space P(H) ∼=
S(H)/T with the quotient topology. We denote its elements, the one-dimensional subspaces of
H, by [v] = Cv.
Since the sphere inherits a natural metric from H, it is instructive to first take a closer look
on the metric aspects of the topology on P(H):
Lemma 3.2. (a) The metric d(x, y) = ‖x− y‖ on the sphere S(H) induces on P(H) the metric
d([x], [y]) := d(Tx,Ty) =
√
2(1− |〈x, y〉|) ∈ [0,
√
2], x, y ∈ S(H).
(b) The map ι : P(H) →֒ Herm1(H), [v] 7→ Pv, is a topological embedding.
Proof. (a) follows from d(Tx,Ty) = d(x,Ty) = inf |t|=1 d(x, ty) and
inf
|t|=1
d(x, ty)2 = inf
|t|=1
‖x− ty‖2 = inf
|t|=1
2(1− Re〈x, ty〉) = 2(1− |〈x, y〉|).
(b) For v, w ∈ S(H) with [v] 6= [w] the operator A := Pv − Pw is hermitian of rank 2 with
tr(A) = ‖v‖2 − ‖w‖2 = 0. Write w = λv + µv′ with v′ ∈ S(H) orthogonal to v. Then
Pw = |λ|2Pv + |µ|2Pv′ + λµPv,v′ + λµPv′,v.
On the subspace H0 = Cv + Cw we therefore have
det(A|H0) = (1− |λ|2)(−|µ|2)− |λ|2|µ|2 = −|µ|2.
As tr(A|H0) = 0, the two eigenvalues of A|H0 are ±|µ|, which leads to
‖Pv − Pw‖1 = 2|µ| = 2
√
1− |λ|2 = 2
√
1− |〈v, w〉|2.
This implies the assertion.
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Now we turn from the metric point of view to families of functions generating the topology.
Definition 3.3. For v ∈ H we define the functions
ev : H → C, ev(x) := 〈v, x〉
and
hv : H/T→ C, hv([x]) := |〈v, x〉| for [x] = Tx.
Remark 3.4. (a) The topology on the sphere S(H) is the initial topology defined by the func-
tions ev, ‖v‖ = 1, because it coincides with the weak topology. In fact, for x, y ∈ S(H), we
have
‖x− y‖2 = 2(1− Re〈x, y〉).
Let E ⊆ H is a total subset, i.e., spanE is dense in H. We consider on S(H) the initial
topology τE defined by the functions {ev : v ∈ E}. Then
{w ∈ H : ew ∈ C(S(H), τE)}
is a closed subspace of H because ‖ew‖∞ ≤ ‖w‖. Since this subspace contains E, it coincides
with H. Therefore τE coincides with the metric topology on S(H).
(b) From the formula for the quotient metric in Lemma 3.2(a), it follows immediately that
the topology on P(H) is the initial topology defined by the functions hv, ‖v‖ = 1.
Remark 3.5. It is an interesting question which conditions we have to require from a subset
E ⊆ H to ensure that hE := {hv : v ∈ E} defines the topology on P(H). It is certainly
necessary that hE separates the points of P(H). For any proper orthogonal decomposition
H = H1⊕H2, this rules out subsets E 6⊆ H1∪H2 because then hE cannot separate the elements
[v1 + ζv2] ∈ P(H), ζ ∈ T, where 0 6= vj ∈ Hj , j = 1, 2. This implies in particular that (for
dimH > 1) E needs to be total and that it cannot be decomposed into two proper mutually
orthogonal subsets. However, this condition is not sufficient for hE to separate the points of
P(H). For H = C2 and a non-orthogonal basis v1, v2 ∈ C2, the functions hv1 and hv2 do not
separate the points of P(H). The level sets of both functions are families of circles on the
Riemann sphere P(H) ∼= S2 and two such circles can intersect in two points. Geometrically
this means that a ray Cv ⊆ C2 is not determined by the two numbers |〈v, v1〉| and |〈v, v2〉|.
From the same reasoning it follows that, if v1, v2, v3 ∈ C2 are such that the corresponding rays
[v1], [v2], [v3] ∈ P(C2) ∼= S2 do not lie on any great circle, then the functions hvj , j = 1, 2, 3,
separate the points of P(C2).
Problem 3.6. Suppose that hE separates the points of P(H). Is the topology on P(H) the
initial topology with respect to the set hE?
Below we prove a slightly weaker statement, which requires hE to separate the functions on
a slightly larger set that we introduce below.
Definition 3.7. Let
S(H) := {v ∈ H : ‖v‖ ≤ 1}
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denote the closed unit ball in H, endowed with the weak topology, with respect to which it is a
compact space. Since the scalar multiplication action T× S(H)→ S(H) is continuous and T is
compact, we obtain on the quotient space
P(H) := S(H)/T
a compact Hausdorff topology and a topological embedding P(H) →֒ P(H).
Remark 3.8. (a) If H is infinite-dimensional, then S(H) is dense in S(H), so that we may
consider the ball as a compactification of the unit sphere. Likewise P(H) is a compactification
of P(H). If H is finite-dimensional, the unit sphere and the projective space are compact.
(b) If X is a compact (Hausdorff) space and E ⊆ C(X,C) is a point separating set of
continuous functions, then the topology on X coincides with the initial topology defined by E
because the map X → CE , x 7→ (f(x))f∈E is a topological embedding.
Proposition 3.9. If E ⊆ H is a subset for which the functions hv([x]) := |〈v, x〉|, v ∈ E,
separate the points of P(H), then the topology on P(H) is the initial topology with respect to the
family (hv)v∈E. This is in particular the case for E = H.
Proof. (a) Since the functions x 7→ |〈x, v〉| on S(H) are continuous, the function hv defines a
continuous functions on P(H). In view of Remark 3.8(b), the topology on the compact space
P(H) is initial with respect to the functions (hv)v∈E . Now the first assertion follows from the
fact that P(H) is a topological subspace of P(H).
(b) To verify the second assertion, we show that, for E = S(H), the functions (hv)v∈E
separate the points of P(H). In fact, they obviously separate 0 from the non-zero elements in
S(H). Moreover, ‖x‖ = sup‖v‖=1 hv(x) implies that they determine the norm of an element.
If hv(x) = hv(y) holds for two non-zero elements x, y ∈ S(H) and all v ∈ S(H), we obtain for
v = x/‖x‖ the relation
‖x‖ = hv(x) = hv(y) = |〈x, y〉|‖x‖ and likewise ‖y‖ =
|〈x, y〉|
‖y‖ ,
so that
|〈x, y〉| = ‖x‖ · ‖y‖.
We conclude that y ∈ Cx, and since the preceding discussion also implies that ‖y‖ = ‖x‖, it
follows that y ∈ Tx, i.e., [x] = [y] in P(H).
Example 3.10. Not every family (hv)v∈E which separate the points of P(H) also separate the
points of P(H). A simple example arises for dimH = 1, where E = ∅ suffices to separate the
points of the one point set P(H), but this is not enough for the interval P(H).
For H = C2, we have seen in Remark 3.5 that if v1, v2, v3 are three unit vectors for which
the corresponding rays [v1], [v2], [v3] ∈ P(C2) ∼= S2 do not lie on a great circle, the functions hvj ,
j = 1, 2, 3, separate the points of P(C2). Since the space Herm2(C) of hermitian 2× 2-matrices
is 4-dimensional, there exists a non-zero matrix A ∈ Herm2(C) with
〈Avj , vj〉 = 0 for j = 1, 2, 3.
If A is positive or negative semidefinite, then these relations imply Avj = 0 for j = 1, 2, 3,
and since the vj are linearly independent, this contradicts A 6= 0. Therefore A has eigenvalues
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λ1 < 0 < λ2. We assume w.l.o.g. that |λj | ≤ 1 for j = 1, 2 and write u1, u2 ∈ C2 for corre-
sponding unit eigenvectors of A with Auj = λjuj . From A = λ1Pu1 + λ2Pu2 we then obtain for
wj :=
√|λj |uj the relation A = Pw2 − Pw1 , and thus
0 = 〈Avj , vj〉 = |〈w2, vj〉|2 − |〈w1, vj〉|2
implies that the functions hvj do not separate the two elements [w1] and [w2] in P(C
2).
We have already seen in Lemma 3.2(b) that we have a topological embedding η : P(H) →֒
Herm1(H), [v] 7→ Pv. The subset
C := {A = A∗ ∈ Herm1(H) : 0 ≤ A, trA ≤ 1}
of Herm1(H) is convex, bounded and weak-∗-closed if we consider B1(H) via the trace pairing
as the dual space of the space K(H) of compact operators on H. We conclude that C is a
weak-∗-compact subset. Next we observe that η extends to a map
η : P(H) →֒ C, [v] 7→ Pv.
To see that this map is continuous, we first recall that the subset {Pv : v ∈ H} ⊆ K(H) spans a
dense subspace, which implies that the topology on C is the initial topology with respect to the
functions
ℓv : C → C, A 7→ tr(APv) = tr(PAv,v) = 〈Av, v〉 (2)
(Remark 3.8(b)). Therefore
ℓv(Pw) = 〈Pwv, v〉 = 〈v, w〉〈w, v〉 = |〈v, w〉|2
shows that all function ℓv ◦ η are continuous (cf. Definition 3.3), so that η : P(H)→ C is contin-
uous. From ‖Pv‖ = ‖v‖2 it further follows that η is injective, hence a topological embedding of
P(H) onto a weak-∗-compact subset of C.
This leads to the following criterion:
Proposition 3.11. If E ⊆ H is such that the functions (ℓv)v∈E separate the points of Herm1(H),
then (hv)v∈E separates the points of P(H). In particular, the topology on P(H) is the initial
topology with respect to (hv)v∈E .
Lemma 3.12. For a subset E ⊆ H the functions (ℓv)v∈E separate the points of C if and only
if {Pv : v ∈ E} spans a dense subspace of K(H).
Proof. The set {Pv : v ∈ E} is not total in K(H), i.e., its closed span is a proper subspace, if and
only if there exists a hermitian trace class operator A ∈ Herm1(H) ∼= K(H)′ with 〈Av, v〉 = 0
for every v ∈ E.
Writing A = A+ − A− with positive operators A±, we find a λ > 0 such that tr(λA±) < 1.
Then λA± ∈ C satisfy 〈A+v, v〉 = 〈A−v, v〉 for every v ∈ E. Therefore (ℓv)v∈E does not separate
the points of C.
If, conversely, A± ∈ C are two different operators not separated by the functions (ℓv)v∈E ,
then A := A+ − A− ∈ Herm1(H) is non-zero with tr(APv) = 0 for every v ∈ E. Therefore
{Pv : v ∈ E} is not total.
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Remark 3.13. If dimH = 2, then dimHerm1(H) = dimHerm2(C) = 4, so that any subset
E ⊆ H for which (ℓv)v∈E separate the points of Herm1(H) has to contain at least 4 elements
(cf. Example 3.10).
The following criterion is sometimes useful to verify the condition in Lemma 3.12.
Proposition 3.14. If M is a connected complex manifold and F : M → H a holomorphic map
with total range, then (ℓF (m))m∈M separates the points of Herm1(H).
Proof. LetM denote the real manifoldM , endowed with the opposite complex structure. Then,
for each A ∈ Herm1(H), the function αA(m,n) := 〈AF (m), F (n)〉 on M ×M is holomorphic. If
ℓF (m)(A) = 〈AF (m), F (m)〉 = 0 for every m ∈ M , then the holomorphic function αA vanishes
on the totally real submanifold ∆M = {(m,m) : m ∈M} of M ×M , which implies that αA = 0
(cf. [Ne00, Prop. A.III.7]). We conclude that, for each m ∈ M , AF (m) ∈ im(F )⊥ = {0}, and
since im(F ) is total, it follows that A = 0.
The preceding proposition applies in particular to all reproducing kernel Hilbert spaces of
holomorphic functions or holomorphic sections (cf. [PS86], [Ne11]).
4 Continuity of projective unitary representations
It is well-known that a unitary representation π : G→ U(H) of a topological group is continuous
if and only if, for each v in a total subset E ⊆ H, the function πv,v(g) := 〈π(g)v, v〉 is continuous
(cf. [Ne00, Lemma VI.1.3]). In this section we discuss a similar continuity criterion for projective
unitary representations π : G→ PU(H).
Proposition 4.1. (a) The topology on PU(H) is the coarsest topology for which all functions
hv,w : PU(H)→ R, [g] 7→ |〈gv, w〉|, v, w ∈ H,
are continuous.
(b) The quotient map q : U(H) → PU(H) has continuous local sections, i.e., each [g] ∈
PU(H) has an open neighborhood U on which there exists a continuous section σ : U → U(H)
of q.
Proof. (a) Let q : U(H)→ PU(H) denote the quotient map. Then all functions fv,w := hv,w ◦ q
are continuous on U(H), which implies that the functions hv,w are continuous on PU(H).
Let τ denote the coarsest topology on PU(H) for which all functions hv,w are continuous.
We know already that this topology is coarser than the quotient topology. Next we observe that
the relations
hv,w([g][g
′]) = hg′v,w([g]) = hv,g−1w([g
′])
imply that left and right multiplications are continuous in τ . To see that τ coincides with the
quotient topology, it therefore remains to see that [gi] → 1 in τ implies that [gi] → 1 in the
quotient topology.
For a net ([gi])i∈I in PU(H) we consider a lift (gi)i∈I in U(H). Since the closed operator ball
B := {A ∈ B(H) : ‖A‖ ≤ 1} is compact in the weak operator topology, there exists a convergent
subnet gα(j) → g0 ∈ B. For v, w ∈ H we then have
hv,w(gα(j))→ hv,w(1) = |〈v, w〉|
11
and also
hv,w(gα(j)) = |〈gα(j)v, w〉| → |〈g0v, w〉|,
hence |〈g0v, w〉| = |〈v, w〉|. This implies in particular that, for each non-zero vector v, we have
g0v ∈ (v⊥)⊥ = Cv,
so that each vector is an eigenvector, and this implies that g0 = t1 for some t ∈ C. If v = w is
a unit vector, we obtain |t| = |〈g0v, v〉| = 1. Therefore we have gα(j) → t1 in U(H), and this
implies that [gα(j)]→ [1] in PU(H).
If the net (gi)i∈I does not converge to 1 in PU(H), then there exists an open 1-neighborhood
U for which the set IU := {i ∈ I : gi 6∈ U} is cofinal, which leads to a subnet (gi)i∈IU converging
to 1 in τ and contained in the closed subset U c. Applying the preceding argument to this
subnet now leads to a contradiction since it cannot have any subnet converging to 1 because U c
is closed.
(b) Since we can move sections with left multiplication maps, it suffices to assume that g = 1.
Pick 0 6= v0 ∈ H. Then
Ω := {g ∈ U(H) : 〈gv0, v0〉 6= 0}
is an open 1-neighborhood in U(H)s with ΩT = Ω. Therefore Ω˜ := {[g] : g ∈ Ω} is an open
1-neighborhood of PU(H). For each g ∈ Ω there exists a unique t ∈ T with
tg ∈ Ω+ := {g ∈ U(H) : 〈gv0, v0〉 > 0}.
We now define a map
σ : Ω˜→ Ω, [g] 7→ g for g ∈ Ω+.
To see that σ is continuous, it suffices to observe that the map
Ω→ Ω+, g 7→ |〈gv0, v0〉|〈gv0, v0〉 g
is continuous and constant on the cosets of T. Hence it factors through a continuous map
Ω˜→ Ω+ which is σ. Therefore the quotient map
q : U(H)→ PU(H), g 7→ [g]
has a continuous section in the 1-neighborhood Ω˜ of PU(H).
Corollary 4.2. Let G be a topological group and π : G → PU(H) be a group homomorphism.
Then the following are equivalent:
(i) π is continuous.
(ii) For all v, w ∈ H, the function G→ R, 7→ |〈π(g)v, w〉| is continuous.
(iii) For each [v] ∈ P(H), the orbit map G→ P(H), g 7→ π(g)[v] is continuous.
Proof. The equivalence of (i) and (ii) is an immediate consequence of Proposition 4.1. Clearly,
(ii) is equivalent to the requirement, that for any 0 6= v ∈ H, the functions G → hw(π(g)[v]),
w ∈ H, are continuous (cf. Definition 3.3). As the topology on P(H) is initial with respect to
the functions (hw)w∈H (Proposition 3.9), the corollary follows.
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The equivalence of (i) and (iii) in the preceding corollary can already be found in [Ri79,
Lemma 8.1] (see also [Ca76, Prop. 6]). The characterization of the continuity of a projective
representation in Corollary 4.2 involves all elements v ∈ H. This makes it inconvenient to use
in practice. Below we develop a criterion which makes it much easier to check continuity.
Definition 4.3. Let G be a topological group. For a homomorphism π : G→ PU(H) we write
P(H)c ⊆ P(H) for the set of all elements [v] for which the G-orbit map is continuous.
We now take a closer look at the structure of the set P(H)c. We start with an elementary
observation on isometric actions of topological groups.
Lemma 4.4. If the topological group G acts isometrically by
σ : G×X → X, (g, x) 7→ g.x
on the metric space (X, d), then the set Xc of all points with continuous orbit maps is closed
and the G-action on this set is continuous.
Proof. If xn → x in X , then the orbits maps σxn : G→ X converge uniformly to the orbit map
σx. This proves that Xc is closed.
The second assertion follows from
d(g0.x0, g1.x1) = d(g
−1
1 g0.x0, x1) ≤ d(g−11 g0.x0, x0) + d(x0, x1).
Remark 4.5. For a unitary representation π : G → U(H), one can also consider the subset
Hc ⊆ H of those elements with a continuous orbit map. This is obviously a subspace which is
closed by Lemma 4.4. Now H = Hc⊕H⊥c provides a decomposition of the unitary representation
as a direct sum of a continuous representation and one without non-zero continuous orbit maps.
We shall see below that the situation is more complicated in the projective case.
Definition 4.6. On P(H) we now consider the Riemannian metric given by
dR([x], [y]) := arccos |〈x, y〉| ∈ [0, π/2] for x, y ∈ S(H).
Wewrite [x]⊥[y] and say that [x] and [y] are orthogonal if x⊥y, which is equivalent to dR([x], [y]) =
π/2. If [x] and [y] are not orthogonal, then we write [x]♯[y] for the unique metric midpoint of
[x] and [y].
Lemma 4.7. The midpoint operation is a continuous map
♯ : {([x], [y]) ∈ P(H)2 : 〈x, y〉 6= 0} → P(H).
Proof. In the following argument we represent elements of P(H) by general non-zero vectors,
not necessarily normalized to unit length. Recall that P(H) is a symmetric space with the point
reflections given by
r[x]([y]) :=
[
− y + 2 〈y, x〉‖x‖2 x
]
.
For the midpoint [z] = [x]♯[y] of two non-orthogonal rays [x] and [y] we then have
[y] = r[z]([x]) =
[
− x+ 2 〈x, z〉‖z‖2 z
]
.
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For y = x+ v and z = x+w with v, w ∈ x⊥ (here we normalize by 〈y, x〉 = 〈z, x〉 = 1), we then
have
[x+ v] = [y] =
[
− x+ 2‖x+ w‖2 (x+ w)
]
=
[
− x+ 2
1 + ‖w‖2 (x+ w)
]
=
[1− ‖w‖2
1 + ‖w‖2x+
2
1 + ‖w‖2w
]
=
[
x+
2
1− ‖w‖2w
]
.
Note that this calculation actually shows that ‖w‖ 6= 1 because [y] 6= [w]. We further obtain
v =
2
1− ‖w‖2w and ‖v‖ =
2‖w‖
1− ‖w‖2 ,
which in turn yields
‖w‖ =
√
1 + ‖v‖2 − 1
‖v‖
and hence
w =
√
1 + ‖v‖2 − 1
‖v‖2 v.
This argument also implies that w is uniquely determined by x and y and that the midpoint
operation is continuous in each argument separately.
We now show that it is continuous. Pick [x0] ∈ P(H) and let U be an open neighborhood
of [x0] for which there exists a continuous map σ : U → U(H) with σu[x0] = u for u ∈ U . For
〈x0, y0〉 6= 0 and xi → x0, yi → y0 we may w.l.o.g. assume that 〈xi, yi〉 6= 0 for every i. We then
have for [xi] ∈ U the relation
[xi]♯[yi] = σ[xi]([x0]♯σ
−1
[xi]
[yi])→ [x0]♯[y0]
because the action of U(H) on P(H) is continuous.
Lemma 4.8. The set P(H)c has the following properties:
(i) P(H)c is closed.
(ii) If [x], [y] ∈ P(H)c are not orthogonal, then [x, y] := P(Cx+ Cy) ⊆ P(H)c.
(iii) If [x0], . . . , [xn] ∈ P(H)c are such that 〈xj , xj+1〉 6= 0 for j = 0, . . . , n−1, then [x0, . . . , xn] :=
P(span{x0, . . . , xn}) ⊆ P(H)c.
Proof. (i) follows immediately from Lemma 4.4.
(ii) We obtain from Lemma 4.7 and the equivariance of the midpoint operation under PU(H)
that, for two non-orthogonal elements [x], [y] ∈ P(H)c, we also have [x]♯[y] ∈ P(H)c.
Let
Exp: T (P(H))→ P(H)
denote the exponential map of the symmetric space P(H). For [y] = Exp(v) and v ∈ T[x](P(H))
with ‖v‖ < π/2, the whole geodesic arc [yt] = Exp(tv), 0 ≤ t ≤ 1, consists of elements not
orthogonal to [x]. By successive dyadic division, we can generate a dense subset of this arc by
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the midpoint operation from [x] and [y]. Therefore [x], [y] ∈ P(H)c implies that [yt] ∈ P(H)c for
0 ≤ t ≤ 1.
Since Exp is U(H)-equivariant, we conclude that, for the action of G on the tangent bundle
T (P(H)), the set T (P(H))c of G-continuous elements has the property that, if v ∈ T (P(H))c
with ‖v‖ < π/2, then [0, 1]v ⊆ T (P(H))c. Since G acts on T (P(H)) by bundle automorphisms,
it also follows that, for each [x] ∈ P(H)c, the set T[x](P(H))c is a closed complex linear subspace.
This implies that, for two non-orthogonal elements [x], [y] ∈ P(H)c, the whole projective plane
[x, y] ⊆ P(H) consists of G-continuous vectors.
(iii) We argue by induction and observe that the case n = 1 follows from (ii). Assume that
n > 1. Then the induction hypothesis implies that [x0, . . . , xn−1] ⊆ P(H)c. Since xn is not
orthogonal to this space, the set of all elements [y] ∈ [x0, . . . , xn−1] with 〈y, xn〉 6= 0 is open
dense. Hence the closedness of P(H)c implies that [x0, . . . , xn] ⊆ P(H)c.
Definition 4.9. We call a subset E ⊆ P(H) indecomposable if
E = E1∪˙E2, E1⊥E2, E1 6= ∅ ⇒ E2 = ∅,
i.e., E cannot be decomposed into two proper mutually orthogonal subsets.
Remark 4.10. On every subset E ⊆ P(H) we obtain an equivalence relation by [x] ∼ [y]
if there exists a sequence [x0], . . . , [xn] ∈ E with [x0] = [x], [xn] = y and 〈xj , xj+1〉 6= 0
for j = 0, . . . , n − 1. The corresponding equivalence classes are the maximal indecomposable
subsets of E. We call them the indecomposable components of E.
Theorem 4.11. (Structure theorem for P(H)c) The indecomposable components of P(H)c are
of the form P(Hj), j ∈ J , where (Hj)j∈J is a family of mutually orthogonal closed subspaces of
H. In particular,
P(H)c =
⋃
j∈J
P(Hj),
where each P(Hj) is closed and open in P(H)c.
Proof. Let C ⊆ P(H)c be an indecomposable component. Then P(H)c ⊆ C∪˙C⊥ and the closed-
ness of C⊥ already implies that C is relatively open in P(H)c. Since this is also true for the other
indecomposable components, C is also relatively closed, hence closed in P(H) because P(H)c is
closed.
For [x], [y] ∈ C we find [x0], . . . , [xn] ∈ C with [x] = [x0], [y] = [xn] and 〈xj , xj+1〉 6= 0 for
j = 0, . . . , n− 1. Therefore Lemma 4.8(iii) implies that
[x, y] ⊆ [x0, . . . , xn] ⊆ P(H)c,
and since [x, y] is indecomposable, [x, y] ∈ C. This proves that C = P(K) for a linear subspace
K ⊆ H. The closedness of C now implies that K is closed in H.
If P(K1) and P(K2) are different indecomposable components of P(H)c, then obviously
K1⊥K2. This completes the proof.
Corollary 4.12. If P(H)c is total and indecomposable, then P(H)c = P(H).
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Corollary 4.13. If P(K) ⊆ P(H)c is an indecomposable component, then
GK := {g ∈ G : π(g)P(K) ⊆ P(K)}
is an open subgroup of G and the induced homomorphism GK → PU(K) is continuous.
Proof. Let [v] ∈ P(K). Since P(K) is an open subset of the G-invariant subset P(H)c, the
subset U := {g ∈ G : π(g)[v] ∈ P(K)} is open. Since G also permutes the indecomposable
components of P(H)c, any g ∈ U preserves P(K), so that U = GK. The continuity of the
projective representation of GK on K follows from Corollary 4.2.
Example 4.14. Let χ : R → T be a discontinuous character and H = H1 ⊕ H2 be a direct
sum of two Hilbert spaces. Then π(t)(v1 + v2) := v1 + χ(t)v2 for vj ∈ Hj defines a unitary
representation on H with Hc = H1, but for the corresponding projective representation we have
P(H)c = P(H1)∪˙P(H2).
Theorem 4.15. (Continuity criterion for projective representations) Let G be a connected
topological group and π : G → PU(H) be a projective unitary representation with cyclic ray
[v] ∈ P(H)c. Then π is continuous.
Proof. Since open subgroups of topological groups are also closed, the connectedness of G implies
that it preserves all indecomposable components of P(H)c (Corollary 4.13). Hence π(G)[v] lies
in a single indecomposable component P(K) for a closed subspace K ⊆ H. As [v] is cyclic, we
find that K = H, hence P(H)c = P(H), so that π is continuous (Corollary 4.2).
Corollary 4.16. Let G be a connected topological group and π : G → PU(H) be an irreducible
projective unitary representation with P(H)c 6= ∅. Then π is continuous.
Theorem 4.17. Let G and T be topological groups and α : T → Aut(G) be a homomorphims
defining a continuous action of T on G. Suppose that G is connected and that (π,H) is an
irreducible continuous unitary representation of G for which π ◦ αt is equivalent to π for every
t ∈ T . We then obtain a well-defined projective unitary representation U : T → PU(H), defined
by
Utπ(g)U
∗
t = π(αt(g)) for g ∈ G, t ∈ T,
where Ut ∈ U(H) is a unitary lift of U t ∈ PU(H). Then the following assertions hold:
(i) U is continuous if there exists a ray [v] ∈ PU(H) with a continuous orbit map.
(ii) If {ℓπ(g)v : g ∈ G} separates the points of Herm1(H), then [v] has a continuous orbit map
under U if and only if all function
T → R, t 7→ |〈Utv, π(g)v〉|, g ∈ G,
are continuous.
(iii) If U is continuous, then
T˜ := {(t, U) ∈ T ×U(H)s : U t = U}, p : T˜ → T, (t, U) 7→ t,
is a central T-extension of T . By α˜(t, U) := α(t) we then obtain a topological group
G˜ := G ⋊α˜ T˜ and π˜(g, (t, U)) := π(g)U defines a continuous unitary representation of G˜
on H extending π.
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(iv) If, in addition, the central extension p : T˜ → T splits, then π extends to a continuous unitary
representation of G♯ = G⋊α T . This is always the case for T = R.
Proof. (i) Let P(H)c denote the set of continuous rays for the projective representation U . Since
T acts continuously on G and π is continuous, the set P(H)c is G-invariant because
U t[π(g)v] = (Utπ(g)U
∗
t )U t[v] = π(αt(g))U t[v].
Suppose that [v] ∈ P(H)c. Then π(G)[v] ⊆ P(H)c is total and indecomposable (because G is
connected), so that Corollary 4.12 implies that P(H)c = P(H), i.e., that U is continuous.
(ii) follows from Proposition 3.11. Note that |〈Utv, π(g)v〉| depends only on U t and not on
the choice of the unitary lift Ut.
(iii) Since T˜ is the pullback U
∗
U(H) of the central T-extension U(H)→ PU(H), it also is a
central extension of topological groups, i.e., p : T˜ → T is a quotient map with continuous local
sections. The rest of (iii) is clear.
(iv) If σ : T → T˜ , t 7→ (t, Ut) is a continuous splitting of T˜ , then π♯(g, t) := π(g)Ut is a
continuous extension of π to G♯.
For T = R, the discussion in [Mag92, Ch. 9] implies that T˜ actually is a Lie group and
since one-parameter groups of quotients of Lie groups lift, there exists a continuous splitting
σ : T → T˜ .
5 Extending representations to semidirect products
Let G be a topological group. Then there exists a W ∗-algebra W ∗(G), together with a homo-
morphism η : G→ U(W ∗(G)) which is continuous with respect to the weak topology on W ∗(G),
and which has the universal property that, for every continuous unitary representation (π,H)
of G, there exists a unique normal representation π˜ : W ∗(G)→ B(H) with π˜ ◦ η = π (cf. [Ne00,
Rem. IV.1.2], [GN00]). In the appendix of [GN00] it is shown that the predual W ∗(G)∗ of this
W ∗-algebra can be identified with the subspace B(G) ⊆ Cb(G) of bounded continuous functions
on G, spanned by the convex cone Pc(G) of continuous positive definite function on G. The
natural map
η∗ : W
∗(G)∗ → B(G), η∗(ϕ) := ϕ ◦ η
is a linear bijection which is continous with respect to ‖ · ‖∞ on B(G).
Remark 5.1. In general the subspace B(G) is not closed in (Cb(G), ‖ · ‖∞), so that η∗ is not
an open map with respect to ‖ · ‖∞ on B(G).
In fact, if G is locally compact abelian, Bochner’s Theorem implies that B(G) is the range
of the Fourier transform M(Ĝ) → C(G) from the convolution algebra M(Ĝ) of finite Radon
measures on Ĝ to C(G). For G = T and Ĝ = Z, we have M(Ĝ) ∼= ℓ1(Z), so that B(T) is
the Wiener algebra of all continuous functions with absolutely convergent Fourier series. This
algebra is dense in C(T) and a proper subspace, hence not closed.
We endow B(G) with the norm ‖ · ‖ that turns α∗ into an isometry. According to [GN00,
Prop. A.3], we then have ‖ϕ‖ = ‖ϕ‖∞ = ϕ(1) for ϕ ∈ Pc(G), but Remark 5.1 implies that, in
general, ‖ · ‖ is not equivalent to ‖ · ‖∞ because B(G) may be incomplete w.r.t. ‖ · ‖∞.
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Let T be a topological group and α : T → Aut(G), t 7→ αt be a homomorphism defining a
continuous action of T on G. We write G♯ := G⋊α T for the corresponding semidirect product
group. From the universal property ofW ∗(G) we obtain a homomorphism α˜ : T → Aut(W ∗(G))
which is uniquely determined by α˜t ◦ η = η ◦ αt for every t ∈ T . This defines a W ∗-dynamical
system in the sense of Borchers (where no continuity of α˜ is required; cf. [Bo83]). Let B(G)c ⊆
B(G) denote the set of all functions ϕ for which the map T → B(G), t 7→ α∗tϕ = ϕ ◦ αt is
continuous. From [Bo83, Prop. II.5] it follows that B(G)c is a closed subspace invariant under
T which is generated by the convex cone B(G) ∩ Pc(G).
Theorem 5.2. (Characterization Theorem) Let (π,H) be a continuous unitary representa-
tion of G and Fπ ⊆ B(G) the corresponding folium, i.e., the set of all functions of the form
ϕS(g) := tr(π(g)S), where S ∈ Herm1(H) is non-negative with tr(S) = 1. Then the following
are equivalent:
(i) π is quasi-equivalent to a representation (π′,H′) that extends to a continuous unitary repre-
sentation (π♯,H′) of G♯ = G⋊α T .
(ii) Fπ is T -invariant and contained in B(G)c (which implies that T acts continuously on Fπ).
Proof. This follows immediately from [Bo83, Thm. III.2], applied to the W ∗-dynamical defined
by (α˜t)t∈T and the one-to-one correspondence between normal representations of W
∗(G) and
continuous unitary representations of G.
Corollary 5.3. (Extendability Criterion) For a continuous positive definite function ϕ ∈ Pc(G),
the following are equivalent:
(i) ϕ extends to a continuous positive definite function of G♯ = G⋊α T .
(ii) ϕ ∈ B(G)c, i.e., the T -orbit map of ϕ is continuous with respect to the norm ‖ · ‖ on
B(G) ∼=W ∗(G)∗.
Proof. (i) ⇒ (ii): If ϕ♯ : G♯ → C is a continuous positive definite extension of ϕ, then the
corresponding GNS representation of G♯ is continuous, so that (ii) follows from Theorem 5.2.
(ii) ⇒ (i): According to [Bo93], the subspace
M := {A ∈ W ∗(G) : AB(G)c ∪B(G)cA ⊆ B(G)c}
is a W ∗-subalgebra, N := B(G)⊥c ∩ M is a W ∗-ideal, and B(G)c is the predual of the W ∗-
algebra M/N .
Since the left and right multiplications with elements of η(G) ⊆ W ∗(G) define isometries of
B(G) ∼=W ∗(G)∗, and Theorem 5.2 implies in particular that for each ϕ ∈ B(G) the maps
G→ B(G), g 7→ η(g)ϕ, g 7→ ϕη(g)
are continuous, Lemma 4.4 shows that the left and right multiplication actions of G on B(G)
are continuous. From
α∗t (η(g)ϕ) = η(αt−1g)α
∗
tϕ
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we now conclude that η(G) ⊆M. Since W ∗(G) is generated by η(G) as aW ∗-algebra, it follows
thatM =W ∗(G). Any faithful normal representation ofM/N now yields a continuous unitary
representation (π,H) of G for which
Fπ = B(G)c ∩ {ϕ ∈ Pc(G) : ϕ(1) = 1}
is the corresponding folium. Since it is T -invariant, Theorem 5.2 implies the existence of a quasi-
equivalent representation (π′,H′) of G that extends to G♯. As Fπ = Fπ′ by quasi-equivalence,
(i) follows.
Remark 5.4. (a) Unfortunately, the characterization of the extendable positive definite func-
tions on G is given in terms of the norm ‖ · ‖ on B(G) which is not very accessible. Since the
inclusion (B(G), ‖ · ‖) → (Cb(G), ‖ · ‖∞) is continuous, Corollary 5.3 shows that the continuity
of the map
T → Cb(G), t 7→ ϕ ◦ αt
is necessary for the existence of a continuous positive definite extension to G♯.
Since this condition is much easier to check for concrete cases, it would be interesting to
know whether it is also sufficient.
(b) Assume that T = R. Although, in general, the group G♯ = G⋊αR is not locally compact,
the existence of an invariant measure on the quotient G♯/G ∼= R implies that unitary induction
makes sense as a passage from continuous unitary representations of G to continuous unitary
representations of G♯.
Starting with a unitary representation (π,H) of G, we consider the space H♯ := L2(R,H),
endowed with the continuous unitary representation π♯ := IntG
♯
G (π), given by
(π♯(g, t)f)(s) = π(α−s(g))f(s− t) for g ∈ G, s, t ∈ R.
Then (π♯(g, 0)f)(s) = π(α−s(g))f(s) shows thatG acts by multiplication operators and (Utf)(s) :=
(π♯(1, t)f)(s) = f(s − t) shows that R acts by translations. It follows in particular that
Spec(U) = R, so that π♯ never is a positive energy representation.
Let v ∈ H be such that the positive definite function ϕ(g) := 〈π(g)v, v〉 has the property
that R→ Cb(G), t 7→ ϕ ◦αt is continuous. For h ∈ Cc(R), we consider the element f(t) := h(t)v
of H♯. In the representation (π♯,H♯) we then obtain the matrix coefficient
〈π♯(g, t)f, f〉 =
∫
R
〈π(α−s(g))v, v〉h(s − t)h(s) ds =
∫
R
ϕ(α−s(g))h(s− t)h(s) ds.
This is a continuous positive definite function whose restriction to G is given by
〈π♯(g, 0)f, f〉 =
∫
R
ϕ(α−s(g))|h(s)|2 ds.
If the functions |hn|22, n ∈ N, form an approximate identity on R, we thus obtain a sequence
(ϕ♯n)n∈N of continuous positive definite functions on G
♯ such that ϕn := ϕ
♯
n|G converges in Cb(G)
to ϕ (cf. [Bo69, Sect. III]).
If we apply the same construction to the discrete group Rd instead, we have H♯ = ℓ2(R,H)
and for f = δ0v, we obtain the positive definite function
ϕ♯(g, t) = δ0,tϕ(g)
which is not continuous on G♯ if ϕ is not constant.
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Applications to C∗-dynamical systems
We conclude this section with a brief discussion of the link to Borchers’ criterion for the existence
of covariant representations in the context of C∗-algebras.
Let A be a C∗-algebra, T be a topological group and α : T → Aut(A) be a group homo-
morphism (not necessarily strongly continuous). A covariant representation of (A, α) is a triple
(π, U,H), where π : A → B(H) is a non-degenerate representation of A and U : T → U(H) is a
continuous representation satisfying
Utπ(A)U
∗
t = π(αt(A)) for A ∈ A, t ∈ T.
If (π, U,H) is a continuous unitary representation and v ∈ H a unit vector, then ϕ(A) :=
〈π(A)v, v〉 is a normalized state ϕ ∈ A∗ for which the α-orbit map T → A∗, t 7→ α∗tϕ := ϕ ◦ αt
is norm continuous. This follows immediately from
(α∗tϕ)(A) = 〈π(αtA)v, v〉 = 〈UtAU∗t v, v〉 = 〈AU∗t v, U∗t v〉 = tr(APU∗t v). (3)
There is an interesting converse result, namely that every state ϕ ∈ A∗ with a norm-continuous
α-orbit map comes from a vector in a covariant representation (cf. [Bo83]). Since Borchers’ proof
of this result is quite involved, one would like to a have a more direct argument based on the
criteria from above.
Remark 5.5. (cf. [BN12]) Let π : A → B(H) be a representation of the C∗-algebra and
π∗ : B1(H)→ A∗, π∗(X)(A) := tr(π(A)X).
Then π∗ is a continuous linear map whose adjoint π
∗
∗ : A∗∗ → B1(H)∗ ∼= B(H) is a normal
representation of theW ∗-algebraA∗∗ (cf. [Sa71]). In particular, its range is closed, and therefore
the range of π∗ is closed as well. Therefore π∗ induces a topological embedding B1(H)/ kerπ∗ =
B1(H)/π(A)⊥ →֒ A∗ of Banach spaces.
The map π∗ is injective if and only if π(A) is weakly dense in B(H), which is equivalent to
π(A)′′ = π∗∗(A∗∗) = B(H). This means that π is irreducible and then π∗ : B1(H) → A∗ is a
topological embedding.
Theorem 5.6. Assume that α : T → Aut(A) defines a strongly continuous automorphic T -
action on A. Let (π,H) be an irreducible representation of A for which π ◦αt is equivalent to π
for every t ∈ T and let v ∈ H be a unit vector. Then the following are equivalent:
(i) The state ϕ(A) := 〈π(A)v, v〉 of A has a norm-continuous orbit map T → A∗, t 7→ ϕ ◦ αt.
(ii) There exists a central T-extension p : T˜ → T and a continuous unitary representation
U˜ : T˜ → U(H) such that (π, U˜ ,H) is a covariant representation with respect to α˜ :=
α ◦ p : T˜ → Aut(A).
Proof. In view of (3), (ii) implies (i). So we assume (i). Then there exists a family (Ut)t∈T of
unitary operators with
Utπ(A)U
∗
t = π(αt(A)) for t ∈ T,A ∈ A. (4)
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From (3) we derive the relation α∗tϕ = π∗(PUt−1v). Since π∗ is a topological embedding by
Remark 5.5, the map T → Herm1(H), t 7→ PUtv is also continuous. Therefore Lemma 3.2 shows
that [v] ∈ P(H)c is a continuous ray for the corresponding homomorphism U : T → PU(H). As
in the proof of Theorem 4.17, we see that π(U(A))[v] ⊆ P(H)c consists of continuous rays for U .
As π(U(A)) acts transitive on U(H) ([Dix64, Thm. 2.8.3(iii)]), we obtain P(H) = P(H)c, so that
Corollary 4.2 implies that the T -action on P(H) is continuous and now one proceeds as in the
proof of Theorem 4.17.
Remark 5.7. If π is not irreducible, then the situation is more complicated. Then π(A)′ 6= C1,
so that the ambiguity in the choice of U is rather large and the requirement that π ◦ αt ∼ π for
every t does not lead to a canonical projective unitary representation.
Example 5.8. Let A be a C∗-algebra and α : T → Aut(A) a homomorphism defining a contin-
uous action of T on A. Then α defines in particular a continuous T -action on the unitary group
G := U(A), endowed with the norm topology. Let ϕ : G → C be a positive definite function
defined by a linear positive functional ψ ∈ A∗. We claim that, in this case, the requirement that
the curve ϕt in Cb(G) is continuous implies that the curve ψt := ψ ◦αt in A∗ is norm continuous
(cf. Remark rem:5.4(a)).
This claim follows from the fact that the absolute convex hull of U(A) is a 0-neighborhood
in A. In fact, if A = A∗ with ‖A‖ < 1, then U := A+ i√1−A2 is unitary and A = 12 (U +U∗).
Therefore the absolute convex hull of U(A) contains all hermitian operators A with ‖A‖ < 1,
hence all operators C with ‖C‖ < 12 because C = 12 (C + C∗)− i 12 (iC − iC∗).
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